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Pure Bending Flutter of a Swept Wing in a
High-Density, Low-Speed Flow

Jorx Ducunpsi* axp Nancy GHAREEBT
Massachusetts Institute of Technology, Cambridge, Mass.

The pure bending flutter of a uniform, high-aspect ratio, swept wing is studied in detail.
The velocity-component aerodynamic-strip theory is used with both quasi-steady and unsteady
Theodorsen-funection representations. Exact solutions of the differential equation are ob-
tained, thereby eliminating problems of modal convergence. Effects of structural damping
and below-flutter response are also examined. It is shown that, below certain critical values
of mass-density ratio u, flutter does not occur. Also, at low values of p, increasing the sweep-
back of a given wing lowers the flutter speed significantly until a critical angle is reached,
beyond which the flutter speed rises sharply to infinity. The mode shapes at flutier change
from a standing wave-type at high values of y to a traveling wave-type at low p. Quasi-steady
theory is generally unconservative in flutter speed when compared with complete unsteady
theory. The exact differential-equation solution procedure and general eigenvalue behavior
may be of interest in understanding other similar-type instability problems. It is suggested
that the solution procedure be extended to include torsion of the wing as well in order to
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understand better the effect of sweepback on flutter at low mass-density ratios p.

Nomenclature

Ag, A; = real and imaginary parts of complex coefficient A in
Eq. (10)

Bg, Br = real and imaginary parts of complex coefficient B in
Eq. (10)

semichord perpendicular to elastic axis

Theodorsen function = F(k) 4+ iG(k)

coefficients

damping in beam

bending rigidity of beam

real and imaginary parts of C(k) function

structural damping coefficients of jth mode

= 2; (critical damping ratio)

parameter = 3.52 gu( —Bg)V%/B

vertical displacement

(=1

unsteady parameter = 1 + 2G/k

reduced frequency = wb/U cosA

lift /ft of length s

length of wing along elastic axis

mass/ft of length along elastic axis

parameter = 3(eBi/A1 — 1) B

dynamic pressure parameter = wpU2b3F(sin2A)/EI

dynamic pressure parameter = wpU2hl3(sin2A)/EI

parameter = —Bpdgr/BjA;

coordinate along elastic axis

time

velocity of flow

roots of characteristic equation of Eq. (10)

real and imaginary parts of complex eigenvalue @

determinant defined by Eq. (14)

geometry parameter = (b/2£)(tanA)/F

geometry parameter = (5/2£) tanA

sweepback angle

b
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“ = mass-density ratio = m/mpb?

£ = nondimensional coordinate = s/£

p = fluid density

T = nondimensional time = #(ml4/EI)V?

& = complex function defined by Eq. (15)

® = frequency of oscillation

wp = fundamental wing-bending frequency in vacuum =
3.52(EI/ml*)V/2

Q = complex eigenvalue = « + 8

Subscripts

R = real

I- = imaginary

F = flutter

h = fundamental bending mode

Introduction

N analytical investigations of bending-torsion flutter of
high-aspect ratio, straight wings, the flutter speed in-
creases sharply below a certain mass-density ratio u.» 2 This
would prevent flutter from arising on straight-wing hydrofoils,
which ordinarily operate at very low mass-density ratios of
u =~ 0.20 or less. However, if the wing is given a small
amount of sweepback, the couplings change so as to permit
flutter to occur at these very low values of u.*™5

In an attempt to examine this effect of sweepback, the pure
bending flutter of a uniform high-aspect ratio, swept wing is
investigated in this article. An earlier, partial study of this
problem by modal methods was made by Cunningham.® To
eliminate convergence difficulties caused by an insufficient
number of modes being taken, particularly at low values of
1, an exact solution of the partial differential equation will be
obtained, rather than a modal solution. This is similar to
techniques used in examining panel-flutter behavior at high
supersonic speeds.”» 8 In further work it is hoped to look at
the more complete case of bending-torsion flutter by similar
methods.

Mathematically, the present problem represents the solu-
tion for the eigenvalues of a fourth-order differential equation
with complex coefficients. The general nature of the solution
and its practical solution may be of interest to people dealing
with related equations. The present article is a condensation
of a longer report on the subject by the authors.?
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1. Theory

Consider a uniform, cantilever, high-aspect ratio, swept
wing placed in a low-speed flow of velocity U, as shown in Fig,.
1. Considering the wing to be infinitely stiff in torsion but
quite flexible in bendingi (o = 0, h 5 0), the governing dif-
ferential equation of motion would be

EI(0*h/ds%) = [, — m(d%h/ot?) (1)

where I, represents the lift/ft of length s. Using the velocity-
component aerodynamie-strip theory, the lift on this non-
twisting wing can be expressed as®®

L = —mpb2[(d%h/0t2) - (0%h/0s0t) U sinA]
— 2mpbU cosAC(k) [(Dh/Of) + (Oh/Os)U sinA] (2)

where C(k) = F + 1@ is the Theodorsen function. For some
of the development here, quasi-steady lift forces will be as-
sumed,' 12 and C(k) will be set equal to a real constant, i.e.,
G = 0. Laterin Appendix B, flutter solutions will be obtained
with the complete Theodorsen function F + 4G for com-
parison.

Using quasi-steady 1ift forces, combining Eqgs. (1) and (2),
and introducing the nondimensional variables £ and 7 defined
as

E=s/t 7 = t/(me*/ED)V? 3

will yield the linear partial differential equation

0%, Ok, (@) 0%
024+QG£+<u> dor T

QY1 Oh L 10t _
(ue) OT+ " 072_0 )

where @, u, and e are nondimensional parameters defined by
Q = wpULF(sin2A)/EI  dynamic pressure parameter (5)
= m/mwpb? mass-density ratio (6)
(b/2£) (tanA)/F

The partial differential equation [Eq. (4)] is to be solved
subject to the following boundary conditions:

Cantilever End
E=0->0=0

Free End
E=1->0%/08 =0

€ geometry parameter N

(Or/08) =0
(8)
(0%h/08%) = 0
Solutions of Eq. (4) are assumed in the form
h(g 1) = R(§)e™ )

Unstable solutions will occur if Q is real and positive (static
instability) or complex with a positive real part (dynamiec in-
stability). Setting @ = o 4 48 and inserting Eq. (9) into
Eq. (4) will yield the total differential equation

(d*h/dEY + (Ar + i40)(dh/dE) + (Br + iBDh = 0 (10)

where

Ar = Q + (Q¢/w)'*c (11a)
Ar = (Qe/w)'*B (11b)
Br = (Q/pe"fo+ (a* = )+ D/p (11c)
Br = (Q/p)'*8 + 2af)(p + 1)/p (11d)
The general solution of Eq. (10) is
b= e + coe?® + czetst - cpenit (12)

I Physically, this occurs for wings of very high-aspect ratio.
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where the ¢,, terms are arbitrary complex constants, and the
Zn terms are the four roots of the complex characteristic
equation [lq. (10)]. Inserting A into the boundary conditions,
Eq. (8) yields the matrix equation

1 1 1 1 a 0
2 22 23 2 e _ )0 (13)
2271 22672 252673 2:26%4 | ey 0
2157 2362 22673 2l (e, 0

For nontrivial solutions of the constants ¢,, the roots 2, must
make the determinant A equal to zero, that is,

1 1 1 1

A= |7 “ & “ o =00 (e
2,2¢%1 252672 23268 PR &
z13¢%1 23672 255673 2436;:4’

At first, the following direct procedures were used to ob-
tain flutter solutions (o = 0) of Eqs. (4) and (8). For a given
configuration defined by values of u and e, various values of
@ and B were selected, and the four roots z;, 2, 25, and 2, of the
complex characteristic equation [Eq. (10)] were found. Then
the complex function ¢ was evaluated, where§

D = [A/ (e — 22) (21 — @) (21 — 20) (22 — 25) (2 — 20) (25 — 20)]
(15)

These values of ®(Q, 8) were plotted in the complex plane.
The value @, 38, which made ®(@, 8) = 0 was a flutter solution
for the given u, e configuration. The below-flutter response
also was investigated similarly by selecting values of « and 8
for a given u, €, @ configuration and finding the values which
made ®(a, 8) = 0.

At low values of u, the preceding direct procedures became
more difficult, and several nearby flutter solutions were ob-
tained clustered together, corresponding to different flutter
modes. It then became apparent that a deeper insight into
the fundamental nature of this eigenvalue problem could be
achieved only if Eq. (10) were solved for the general eigen-
values By and By corresponding to given values of 4z and A4;.
Acecordingly, a master plot of the complex general eigenvalues
Bg and B; was obtained by evaluating ®(Bg, Br) for given
values of A and A; and finding what values of Bz and B;
made ®(Bg, Br) = 0. From this master plot, the behavior
and origin of all of the different eigenvalue branches for this
continuous system could be seen. Then, using Eqgs. (11a-11d),
the pertinent physical parameters of this specific problem (u,
€, @, a, and B) could be solved in terms of the general eigen-
value parameters Agr, A;, Bg, and B;. Such solutions for
physical eigenvalues of the type € = « = 13 are given in Ap-
pendix A. Special solutions for physical eigenvalues of the
type @ = aand Q@ = = 8 are given also.

Cantilever Root

/

Fig. 1 Wing
geometry
and
layout.
Y .

§ The function &, rather than the determinant A itself, is
evaluated to prevent the possibility of repeated roots causing the
determinant to approach zero. Also, the function &, unlike the
determinant A, will preserve its sign if one replaces 2 by 2, ete.
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The master plot of complex general eigenvalues Bz and By
also can be used to solve other eigenvalue problems charac-
terized by the general equation [Eq. (10)] and boundary
conditions in Kq. (8) through reinterpretation of the co-
efficients Az, A;, Bz, and B;. In Appendix B, solutions are
given for the flutter speed, using the complete Theodorsen
function C(k) = F -+ 1@ and also with additional structural
damping present in the system.

The procedure for solving Eqgs. (4) and (8) through master
plots of Ag, A1, Br, and By general eigenvalues displays great
flexibility and can show much insight into the behavior and
origin of instabilities for continuous systems, where many
higher modes are present. It should be mentioned that Eq.
(10) subject to boundary conditions in Eq. (8) has been studied
already for the case Ay = 0, B; = 0 by Movchan’ in connection
with the panel-flutter problem.

In conventional wing-flutter practice, it is often convenient
to deal with a reduced velocity parameter, a reduced fre-
quency k, and a frequency ratio w/ws. It can be shown that

U(cosA)F/be = 0.142(Qu/€)1/? (16)
800 Note: *
For Complex Conjugate Ag-iA;
the Eigenvalue is Br-iB;
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k = wb/U cosA = 2FB(e/Qu)Y? (17
w/oy, = (8/w) (EL/me)V? = §/3.52 (18)

The deflection shape A(£, 7) during a flutter condition is
found from considering the real part of the right-hand side
of Eq. (9). The complex function h(§) = kg - ks is given by
Eq. (12), where the roots 2, are those for the given flutter
condition, and the complex constants c,, are to be found from
Eq. (13). Setting ¢, = 1 and solving the first three equations
of the matrix equation [Eq. (18) ] for ¢, ¢z, and ¢; will give

e = —Nn/D m=1,23) (19)
where
Cy = 1
1 1 1
D = |z 22 23
212621 222622 232823;
1 1 1 (20)
]V] = 24 22 23
z42ez4 222622 23‘2623
Nz, A/vg = ete.
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Fig. 2 Master plot of general eigenvalues.
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Then, taking the real part of the right-hand side of Eq. (9),
gives at flutter

h(E,7) = hg cosfr — hs sinfr (21)

This can be plotted for various times during one cycle (87
= 2r) to give a physical picture of the deflection shape dur-
ing flutter.

2. Results and Discussion

Equations (10) and (8) were solved numerically at first by a
General Precision LGP-30 computer and later by an IBM
1620 computer. Master plots of the general eigenvalues By
and By corresponding to given values of Ag and A, are given
in Fig. 2. The origination and subsequent behavior of the
first four branches is apparent. The origination of the fifth to
eighth branches is also shown, but only the behavior of the
most eritical branches for this problem (highest positive B;
for a given positive Ag, A;) are indicated. Note that the
curves of constant Ar and A; are always orthogonal and have
the same scale interval. Only positive values of A; are indi-
cated since, for the complex conjugate 4z — 74, the eigen-
value is By — ¢B;.  This makes the curves continuous across
the 4; = 0 boundaries when B; = 0.

A plot of Az/—Bg vs Aris given in Fig. 3 for the 4, =0
and B; = 0 general eigenvalues of Fig. 2. This was useful in
obtaining eigenvalues of the form Q = a, as described in
Appendix A.

The below-flutter response of the swept wing with quasi-
steady lift forces was obtained using Appendix A. Although
not shown here, it is given in Ref. 9 and indicated the presence
also of real, negative roots @ = a for certain speed ranges at
low values of u. _

A plot of the flutter-speed parameter Uz(cosA)F/bwy, vs u
is given in Fig. 4. The corresponding frequency at flutter 87
vs uis given in Fig. 5. These were obtained from the master
plots of the general eigenvalues using Appendix A. The
scalloping at low values of u and high e results from the
switching to higher, more critical, branches (modes). These
plots show that the flutter speed increases sharply at low .
Below certain critical values of u, flutter does not occur. The
reduced frequency k£ at flutter can be found from Figs. 4 and
5 using Eqs. (17) and (18). This & varies from zero at high u
to values greater than unity at low u.

The deflection mode shapes A(§, 7) during a flutter condi-
tion are given in Fig. 6 for e = 0.025 and two values of . The
mode shapes change from a standing wave-type at high values
of u to a traveling wave-type at low u. It is apparent that a
modal-type analysis would require the inclusion of many higher
modes in order to approximate the deflection shape at low p.

The preceding discussion and results for swept-wing flutter
pertained to the use of quasi-steady lift forces, which resulted
in Eq. (4). The swept wing can also be analyzed using the
more complete unsteady lift forces with the Theodorsen fune-
tion C(k) = F 4 4@. This analysis is given in Appendix B
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Fig. 3 Plot of real eigenvalues.
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and uses the master plots of the general eigenvalues together
with some additional data given in Fig. 7. The resulting
flutter-speed parameter Ur cosA/bws vs p is given in Fig. 8,
and the corresponding frequency at futter 87 vs w is given in
Tig. 9. These plots again show the characteristic sealloping,
the sharp rise in Ur cosA/bw, at low values of u, and the criti-
cal values of u below which flutter does not occur. In
addition, new low flutter speeds are now present at high values
of u and e involving flutter in the first branch (mode) as can
be seen since Br ~ 4. It is this new type of flutter that was
investigated previously by Cunningham,® using modal
methods, and was designated by him as single-degree-of-free-
dom flutter. The reduced frequency k at flutter again varies
from zero at high u to values greater than unity at low g.

Figure 10 presents Ur cosA/bws vs € for various values of p.
At low values of g, the flutter speed Uy decreases with in-
creasing sweepback until a critical angle is reached beyond
which the flutter speed rises sharply to infinity.
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Fig. 5 Flutter frequency vs u (quasi-steady).
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i = 500 QL =5
Bg = 25 B =314
h 4 N t:0
1 i
_ - O\
i 4
- - ; H
i 1
\]
h } ‘/\\ 1=1/8 Period

T t =1/4 Period
L i P
! i
1 1
— (- [ 1
\ 1]
} ! ‘./ .
h n f t=3/8 Period
! \
L L 1 i
1 1
1 1
1
— — I‘ “/
bl Ny | Y/ t=1/2 Period
T ] L 1
2 4 6 .8 10 2 a4 673 10
L s/h = s/

Fig. 6 Mode shapes at flutter (quasi-steady).

The deflection mode shapes at flutter are presented in Fig.
11. Again, the mode shapes change from a standing wave-
type at high g to a traveling wave-type at low u. Also, more
of the first-mode component is present in the u = 500 exact
C(k) case than was present in the p = 500 quasi-steady case.
For higher €, the u = 500 exact C(k) case would be almost a
pure first-mode standing wave as surmised in Ref. 6.

A comparison of quasi-steady [C(k) = 1] and exact C(k)
flutter speeds is presented in Fig. 12, The quasi-steady case
is seen to be generally unconservative in its estimate of the
flutter speed except at high p and low € combinations, where
it is in good agreement. Both theories indicate the sharp rise
in flutter speed at low u. However, the exact C(k) lift forces
also give rise to a new type of flutter at high u and high ¢
combinations associated with low flutter speeds in pre-
dominantly the first mode (single-degree-of-freedom flutter).
The results of Cunningham’s single~degree-of-freedom modal
analysis are also given. It seems that many more modes

would be required in a modal analysis to extend down to the
low urange.

An investigation of the effects of additional structural
damping was also made. Figure 13 shows the effect of adding
a typical, small structural damping g = 0.03 on the exact

K2 Asymptote 7

Add'l. Values of Kp

| Ko kK | Kz
0.4 7005 | -1.4 10 [-2.45
o1 |- 86 15 |- t.49
N .02 }-6.5 20 |- .89
0.2 04 |-48 25 |- .48
06 |-375 30 |- .195

T T T T J T T T T I T T T ‘ T T
I\ 0.5 10 15
Reduced Frequency ~ Kk
-0.2

Fig. 7 Unsteady parameters vsrk.
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C(k) flutter speeds. It has negligible effect except in the high
i, high € range, where the flutter speed may be raised 2 or 3
times. This marked effect. on the single-degree-of-freedom
flutter speeds was also noted in Ref. 6.

For interest, the preceding pure bending flutter theory was
applied to the uniform swept wing of Ref. 4 which was ob-
served to have fluttered experimentally. For model 3 of that
report, the pertinent nondimensional parameters are

= 0.09 Ur cosA/wid = 5.20
€ = 0.0156 Br = 1.63
Qr = 220 k = 0.088

The theory for these values of u and € would indicate that
flutter was not possible. This disagrees with the observed
results. It seems then that pure bending flutter is insufficient
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Fig. 9 Flutter frequency vs u [exact C(k)].
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Fig. 10 Flutter speed vs ¢ at low values of u [exact C(k)].

to explain the particular flutter observed in Ref. 4. Probably
the aspect ratio of the particular example is too low. A more
elaborate theory involving torsion of the wing as well would
have to be used there. Also the application of any aerody-
namic-strip theory itself may be questionable,¥ in view of the
strong spanwise gradients indicated by the wing mode shapes
at low u.

3. Conclusions

The pure bending flutter of a uniform, high-aspect ratio,
swept wing has been studied in detail. An exact solution of
the resulting nondimensional partial differential equation has
revealed the nature of the eigenvalues and their behavior.
The mathematical solution is similar to that used for panel-
flutter problems” ® and eliminates difficulties associated with
convergence of modal solutions. The solution procedure may
be used for other similar types of eigenvalue problems.
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Fig. 11 Mode shapes at flutter [exact C(k)].

T This was pointed out to the authors by the reviewer.

Mass-Density Ratic ~  u

Fig.12 Comparison of quasi-steady and exact C(k) flutter
speed.

For the pure bending flutter of a swept wing, flutter does not
occur below certain critical values of mass-density ratio w.
This behavior is also observed for bending-torsion flutter.
Also, at the lower values of p, increasing the sweepback of a
given wing lowers the flutter speed significantly until a cer-
tain critical angle is reached beyond which the flutter speed
rises sharply to infinity, and the wing becomes flutter-free.

The mode shapes at flutter were found to change from a
standing wave-type flutter at high values of u to a traveling
wave-type at low u. Modal-type analyses would require the
use of many modes to represent the system at low values of u.

Comparison of quasi-steady theory with the exact C(k) re-
vealed that quasi-steady theory is generally unconservative
in its estimate of the flutter speed except at high u and low €
combinations. Also, the exact C(k) gives rise to a new type of
flutter at high p and high € combinations, associated with
flutter in predominantly the first bending mode, as first ob-
served by Cunningham.® The addition of small structural
damping has little effect on the flutter speed except for the
first-mode flutter at high u and high € combinations.

The pure bending flutter theory does not explain the be-
havior of wing model 3 cited in Ref. 4, probably because the
aspect ratio there is too low. To explain this and to under-
stand more fully the effect of sweepback on low u flutter, a
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more elaborate theory involving the torsion of the wing as
well should be developed in the manner of this report. Also,
as mentioned previously, the aerodynamic-strip theory itself
may have to be modified.

Appendix A: Physical Solution for Quasi-Steady
Case

For quasi-steady lift forces, solutions for physical eigen-
values of the type @ = a =& 18 can be worked out from the
eigenvalue master plot (Fig. 2). The relations between the
general eigenvalues and the pertinent physical parameters of
the flutter problem are given by Eqgs. (11a-11d) of Sec. 1.
The quantities Az, A1, Bz, B1, and e will be assumed given,
and Egs. (11a~11d) will be solved for the appropriate @, u, «,
and 8. From Egs. (11a) and (11Db), it is obtained that

o= (u/eQ)"*(dr — Q) (A1)
B = (n/eQ)V24; (A2)

Placing these into Eqs. (11¢) and (11d) gives
eBr = (Az — Q@) + [(4dr —~ @) — 42 + 1)/Q (A3)
eB; = A;+ 2(4z — QA:(p + 1)/Q (A

Solving Eq. (A4) for (u 4+ 1)/Q and placing this into Eq. (A3)
results in a quadratic equation in (Az — @) which can be
solved to give

-0 =555+ (i rs) + 5] @
where
p = 3l(eBi/Ar) — 1] (A6)
The quantities @ and p are then found from the equations
Q= Azr— (4 — Q) (A7)
p o= [@p/(4z — Q] — 1 (A8)

and the quantities o and B are found from Egs. (A1) and
(A2). For a given ¢, any combination of Az, A;, B, and By
from Fig. 2 which gives real, positive values of @ and u repre-
sents a solution of the type @ = a £ 8.

Special solutions for physical eigenvalues of the type @ = «
may also be worked out. These correspond to aperiodic re-
sponses. In Eqgs. (11a-11d) let 8 = 0. Equations (11b) and
11d) then yield the requirement A; = 0 and By = 0. Equa-
tion (11a) can be solved for « to give Eq. (Al). Placing this
into Eq. (11¢) and solving the resulting quadratic equation for
Q gives

(1), B
Qh[( 2u )AR+2u}i

2 12
(52 000 8T - (5 0} o
2u 2u 7
The corresponding value of « is obtained from Eq. (Al).
For given u and ¢, any combination of Az, Bz, 45 = 0, and
B; = 0 from Fig. 3 which gives real, positive values for @ in
Eq. (A9) represents a solution of the type @ = a. It can be

shown further that real, positive values of @ will oceur in Eq.
(A9) only if

Ar/—Be> e{l + 2u + 2{u(p + DIV} (A10)

Special solutions for physical eigenvalues of the type
Q = =48 may also be worked out. These correspond to flut-
ter points. In Eqgs. (11a-11d), let @ = 0. This results in the
requirement

Q= Az (A1D)
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Combining the remaining equations gives

e = AyB; (A12)
B = =[w/(u+ 1)]"*(—Bgr)? (A13)
u = —Bgr(Ar/Bi4)) — 1 (Al14)

Any combination of Ag, A1, Bg, and B; from Fig. 2 which
gives real, positive values for @, u, ¢, and B represents a solu-
tion of the type @ = 1.

Appendix B: Flutter Solution with Exact C(k)and
Structural Damping

For unsteady lift forces involving the exact C(k) = F -+ i@
and for additional structural damping present, flutter solu-
tions of the type @ = =¢8 can be worked out from the eigen-
value master plot (Fig. 2). The basic beam differential equa-
tion is now

ET(d*h/0sY = L — m(d%h/ot%) — Dp(dh/0f) (B1)

where L is given by Eq. (2), and the assumed constant damp-
ing Dz can be expressed as

Dg = g wy, (BQ)

The form of Eq. (B2) implies that the structural damping co-
efficient g; of the higher modes w; will be given by ¢; = guws/w,.
For metal wings, ¢, ranges from 0 to 0.03 approximately.

Introducing nondimensional variables £ and 7 into Eq.
(B1), setting

h(& 1) = h(Der (B3)

and nondimensionalizing, as before, will now result in the
differential equation

(dh/dE) + {Q + 118(Qe/wV* + QG/F1}(dh/dg) +
{ =+ DB%u + (GB/F)(Q/pe)'?] +

i[8(Q/ue)* + 3.520:81}h = 0
(B4)

For the exact C'(k) case, it is better to define new parameters
€ and @ independent of F. Thus

eF = (b/2() tanA (B5)
Q/F = mpU3(sin2A)/EI (B6)

I

€

Q

Introducing these parameters, and noting that the reduced
frequency k is given by

= wb/U cosA = 28(¢/Qu)V2 (B7)

the differential equation (B4) can be written in the basic
form of Eq. (10), where the coefficients are now

Il

Ap = QF (BS8)
A = K:B(Qe/w) (B9)
Br = —[(p + K5)/ulp? (B10)
Br = BF(Q/ue)* + 3.52g.8 (B11)
and the factor K is a function of & defined by
K, =1+ 2G/k (B12)

As before, these equations can be solved for §, ¢, u, 8, and &
in terms of Ag, 41, Br, By, and g,.
First, using Egs. (B9, B11, and B10) gives

€ = FAI/KZ(BI - 3.52gh6) (313)
B = [u/(p + K3 |V3(—Bg)*? (B19)
Then, from Egs. (B13, B9, B14, and BS), after much
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algebra, it is obtained that the
= KR -1+
K-H/(1 — HH)I{HR — 1) = [R® — 1) + (H/4)]2}

(B15)

where
R = —BpAr/BiA; (B16)
H = 3.52g.(—Bz)V'%/|Bi| (B17)

and the - or — sign is chosen such as to make the whole second
term on the right-hand side of Eq. (B15) a positive quantity.
Then, using Eqs. (B13, B14, and B17), it is obtained that
¢ = FA/K:Bi{1 — H[u/(p + K2)1¥2} (B18)
Finally, it is noted that
kKy/2F = A1/Azr (B19)
Equation (B19) relates implicitly the value of £ to Ay and 4Az.
Equations (B19, B12, B15, B18, Bl4, and BS8) permit
one to convert points on the master plot into values of
k, 1, €, 8,and Q. For convenience, Fig. 7 shows plots of FF, K,
and 4;/4z vs k. Any combination of Ag, A;, Bz, and B;
which gives real, positive values for y, €, ¢, and 8 represents a
flutter point. Note that, in the unsteady case, K, may be
negative. From Eq. (B18), this permits some physical solu-
tions for A; and B; of opposite sign, unlike the quasi-steady
case. It is this new region that gives rise to the single-degree-
of-freedom flutter noticed by Cunningham.¢
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